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A theory for self-diffusion in liquids
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We propose an alternative approach to self-diffusion in an atomic liquid. Our starting point is an
oscillatory motion of a tagged particle in its first solvation stielige. Only after cage relaxation

is taken into account is the tagged particle able to diffuse. This approach is suitable for describing
liquids where the concept of binary collisions breaks down and the self-diffusion coefficient is
small. Our predictions quantitatively agree with the results of MD simulations in a broad range of
densities and temperatures up to the freezing transition19@9 American Institute of Physics.
[S0021-960609)50606-5

I. INTRODUCTION
GF(t):<2 Fii(1)- 2, F1i(0) ) =Gg(t=0)XCg(1).
A variety of chemically important processes in liquids i#1 i#1 eq
involve dynamical behavior of a single molecule in a sol- 2
vent. The simplest onéand perhaps the least chemically
relevanj is self-diffusion. Other examples include dynamics The second one is the “binary” contribution to the FACF or,

of solvation>? vibrational relaxatiorf;* and quadrupolar in other words, the autocorrelation function of the force on

relaxation® In spite of the conceptual simplicity of these pro- the tagged particle that is due to one specific other particle
cesses, their description is highly nontrivial due to coupling(SFACB,
of the single-molecule degrees of freedom to all the solvent
dynamical degrees of freedom.

Here we present a theory for single-molecule processes
in liquids. We apply this theory to self-diffusion in an atomic

liquid ma|.nI.y because itis the most fam|.I|ar process, but alscStrictly speaking, for the binary collision picture to be valid
because it is the most extensively studied one. the normalized force correlation functiog andC; should
Conceptually, most of the current theories of Sehc'decay much faster than VAC&nd the un-normalized func-
diffusion in liquids originate from the Boltzmann equation. tions G and G2 should be(approximately equal. It is clear
The underlying paradigm of the_se theories is understar_ldinﬂom Fig. 1 thaFt the first condition is violated at liquid den-
the_ (_:iyna6m|cs through analysis .Of sequences of blr]ar)éities. The mean free time and the collision time, quite dif-
collisions? The simplest class of binary collisions, :so—calledferent at low densities, become comparable at liquid densi-
independent binary coIIisions, s fl.J”y accounted for by theties. In addition, Fig. 2,shows that the magnitude of the two
Bolazman'n theory. The major ach|evemen.t of the “m0demun—normalized force correlation functions is very different at
era” of kinetic theory was the undgr;tandmg of the 'MPOTiquid densities. Thus thétotal) force acting on the tagged
tance of dynamically correlated collisiofts. particle originates from all the neighboring particles or from

tTr:je bln?r)égcﬂllsmn plcturtehlsdappl!ca_ble at low tto mOI%' the solvation shell of the tagged particle. These two facts, in
irabe EnsIes. ?_Wevslr, a_? € t_en?rl]ty mcreafsg_s s va '”_'our opinion, make the binary collision picture generally in-
ity becomes questionable. To justify the use of binary co "v?lid at liquid densities.

sions one needs a separation of time scales: the duration 0 Interestingly, there is one system for which the above

an average collision, the.coII|S|on time, shoulq be mu.Chconclusion does not apply. In a system of hard spheres, col-
shorter than the average time between successive collisio

the mean free time. Figure 1 compares the time dependenrzl;s%ions are always instantaneous. Therefore the binary colli-
. j : . fon picture is valid at any density. That perhaps explains the
of the velocity autocorrelation functiofv ACF), P y y P P P

remarkable success of Enskog’s theory in predicting dynami-
(V1(1)-v1(0))eq cal pr_operties of harql-sphere flu_ids. Enskog’s th_eory includes
V1 Viveq «y only independent binary collisions; however, it does take
q into account a modification of the collision frequency due to
with that of two different(normalized force correlation static correlations. With regard to self-diffusion, Enskog’s
functions(all dimensional quantities in this paper are giventheory misses two important effectsthe long-time tail
in MD units, see Appendix T VACF decays on the time (“vortex diffusion”) and the negative region in the VACF
scale of the mean free time and the force correlation func¢“‘cage diffusion”). These two effects originate from dy-
tions decay on the time scale of the mean collision time. Theamically correlated collisionsAn advanced kinetic-theory-
first force correlation function is the autocorrelation functiontype analysi¥*' and a mode-mode coupling appro&ch
of the total force acting on the tagged particlACF), were used to include the correlated collisions. The resulting

G?(t)=<§1 Fli(t)'Fli(0)> =Gp(t=0)x Cg(t). (3)
eq

C,(H)=
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density dependence of the self-diffusion coefficient andare used. To the best of our knowledge this fact was first
VACF agrees well with molecular dynamics simulations of reported 25 years ago in a short paper by Kim and
the hard-sphere systeh. Chandlert®
As has been argued above, the binary collision picture is  An approach that is conceptually very different from ki-

not applicable to dense liquids with continuous interactionsnetic theory was initiated by Zwanzi§.He suggested that

In spite of this fundamental difficulty, a hard-sphere-inspiredone should start from a disordered-solid-like picture of a lig-
analysis has4 been used in this case too. However, in practicg|d, j.e., oscillations about a local minimum on the potential
applications* the short-time dynamics, that is the indepen-energy surface. Furthermore, self-diffusieamd other dissi-

dent binary collision dynamics in the hard sphere case, has tﬁative phenomenashould follow from infrequent “jumps”
be assumed to be different from the binary collision dynam'between different local minima

ICS. Ha(_j this not been (_jone the theory WOL.“d haV(_a gr_eatly Zwanzig'’s original idea has been reformulated in several
overestimated the magnitude of the second time derivative oé
VACF at short times. In Ref. 14 a phenomenological Gauss
ian form (involving many-particle dynamigswas used for
the short-time part of the memory function. A concept of [
renormalizedor “hard”) binary collisions is often invoked “qwd?_z,zo. Th;:\ INM approach has algo been gxtgnded o
to justify this procedure. However, these renormalized colli-S€lf-diffusion”" It has been shown to give quantitatively ac-
sions have never been explicitly derived from the underlyinqc_”r"?‘te results for the self-diffusion coefficient in gvapety of
microscopic dynamics. iquids. However, the INM-based theory of self-diffusion has
Another, related difference between dynamics of hard€en criticized”?* It seems fair to say that there is gen-
sphere fluids and dynamics of liquids with continuous inter-erally acceptedtheory, based on Zwanzig's idea, that can
actions should be mentioned here. In the hard sphere cageake predictions for the long-time dynamical properties of
independent binary collisions lead to a monotonically decayliquids using only stati¢equilibrium input*#?
ing VACF. “Cage diffusion” has to be invoked in order to The theory presented here attempts to combine the tools
describe the negative region in the VACF. For fluids with of kinetic theory with the conceptual picture of Zwanzig. We
continuous interactions independent binary collisions lead tstart with an oscillatory motion of a tagged patrticle in its first
a VACF that shows damped oscillations. Qualitatively thesolvation shell. Thus in the zeroth order the self-diffusion
same result is obtained if renormalized or “hard” collisions coefficient vanishes. In the next order the cage particles are

different ways.’~*° The most popular of these, an instanta-
neous normal mode@NM) approach,’ has proven to be
extremely useful for analyzing the short-time dynamics of
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allowed to move, making it possible for the tagged particle tol. THEORETICAL FORMALISM

diffuse out(and making the self-diffusion coefficient non- _ . . - . .
. . ) . We consider a simple fluid consisting of particles of unit
zerg. This should be contrasted with the binary collision . . . . . ) .
mass interacting via potentidV(r). The first particle is

gpproach, \.Nh.lc.h’ in the .zero.th order: ;tarts with free Stream'fagged but otherwise identical to the other ones. We begin by
ing and an infinite self-diffusion coefficient. In the next order

. - . : ) introducing a set of distribution functions
binary collisions of the tagged particle with other particles

are included and that makes the self-diffusion coefficient ﬁ-fi(rlavlv T SRRV S0
nite. We expect that at liquid densities, oscillations, with a
vanishing self-diffusion coefficient, make a better starting _ (N—1)! drT] 5(r—Ry
point than free streaming with an infinite self-diffusion ~(N=i)! k=<K
coefficient®*
In order to implement this program we have chosen to X 8(Vi— V) 5( F_Z Flj)pN(t)a (4)
use distribution functions which depend not only on posi- i#1

tions and velocities of particles, but also on the total force here d . 4 velocit ¢ all th il
acting on the tagged particle. Thus, for example, our one¥ "¢ enotes positions and velocities of all the particles,

. : S . . '=(Rq,... RNV, ..., VYN), pn(t) is the time-dependent
particle (singley distribution function describes not only the N-particle distribution functionk is the total force acting on

statg of the tagged particle but_ also the state of the Ioc_atlhe tagged particléparticle 3, Fy,= — aV(R,—R;)/dR, is
environment of the tagged particle. The advantage of th'?he force acting on the tagged particle from the particle

nonorthodox definition is that it allows us to derive Simple'Thusfl(rl,vl,F;t) is the probability that the tagged particle
local in time, evolution equations describing the oscillatoryq; 4 timet is atr,, moves with a velocity, and experiences
motion of the tagged particle in its first solvation shell. a force F, f,(ry,vy,r»,v5,F;t) is the probability that at a

In the remainder of the paper we will construct the for-tjme t the tagged particle is at, moves with a velocity,
mal theory and apply it to the calculation of the self- and experiences a forde and that another particle is aj
diffusion coefficient D, VACF C,(t) and the memory and moves with a velocity,. Other distributiond; (i=3)
functiorf® £(t). have a similar meaning.
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The time evolution off; is described by an infinite hier- TABLE I. The second and fourth time derivatives of the VACF as a func-
archy of equations that is similar to the BBGKY hierar%‘hy tion of densityn at T=1.5. The accuracy of all results in the table is about
0,
known from the kinetic theory. Here we need the first two
equations of this hierarchy:

no =Ct=0) -C(t=0)bc C ,(t=0)  C ,(t=0)|n
of, of, ofq of,
Sy, . ——F.—4 22 0.2 24.07 26.22 12732 13609
ot V1, F vy f 2Bz 5 ©) 0.4 76.20 94.87 48521 64626
0.84 446.46 896.00 565095 690529
07f2 A~ &f3 ﬁV(rzg) afg
W—szz'f‘f d3Bl3-E+f d3T2.(9_V2’ (6)
wheredi=dr;dv; andB;;, andL are given by: These equations describe an oscillatory motion of the tagged
9 aV(rij) particle with €1, Eq. (12), playing the role of arinstanta-
Bjj :3_fi (Vi—v))- ar, | (@) neousfrequency tensor. In other wordd, describes how the
force changes when the tagged particle is moving. The force
oy i—F i—v 9 change does depend on the local environment of the tagged
2 oo, vy 2 ar, particle. Thus the instantaneous frequefitylepends on the
Nt a p force and therefore the oscillations are anharmonic.
+ o (8) It should be noted here th&I? is, in a sense, analogous

+ By —.
o Ny P IF to the matri ivati i
ix of second derivatives of the potential energy

A brief derivation of the hierarchy5)—(6) is presented in that is the starting point of the INM approathThe main
Appendix A. difference is that()? is a local quantity. It describes, on
We start by rewriting Eq95)—(6) in a way that is analo- average, the shape of the potential energy in the neighbor-
gous to that used in kinetic theory. To this end we introducenood of the tagged particle. The second difference is@tat
y,=f1/fi%ndh;=f,— 7%, wherefrepresent; at equi-  depends orF and thus changes in time whereas the time

librium. One should note here thaf represent dynamical dependence of the matrix of second derivatives of the poten-
correlations: it can be shown that the approximation consisttial energy used in the INM is usually neglected.

ing in neglecting all of themh; =0, is equivalent to assum- Next we rewrite Eq(6) and obtain
ing that theN-particle probability distributiorpy is equal to

the local equilibriumdistribution pk%, where oh, . d
q PN _2:L2h2+fch12' ﬂ"' H3, (14)
£.(1) at JF
lea ) — peai 9
(D= O e
The local equilibrium distribution at timedepends only on eq

) _ f !
the state of the tagged particle at the same time and thus does H,=— 2 d2'Byy - M + J d3B,5- ‘9_h3
not include dynamical correlations. fi JIF JoF
We first rewrite Eq(5) and obtain

dV,3 dh
+ f d3— 2. 2
i~ 1 ahy ary, v,
——=Loy1t —j d2Biy —, (10
at f$d JF fea ay
e _ _2 1 £€ ! . _l
e ; fdsf;’sls fgqj 42’1542 )Blz,) »
. J d . J (15)
Lo=—Vi- - —F- ——+(Q%vq)- —, 11
ary v, JF . .
Hs represents all théhree-particleterms in Egs.(10) and
- £89 92V (r 1) (14), i.e., terms involving simultaneous motion of three par-
QZ(F)ZJ d2aw. (12) ticles.
fi" oTaoha It should be emphasized th&t; includes the three-

If the dynamical correlations are neglectég=0, evolution ~ Particle dynamical correlations represented iy To de-
of the tagged particle distribution is described by operatorsc”be time evolution of these correlations we need the next

N . o C equation of the hierarchy. It is clear that in order to get a
L,. Equivalently, the tagged particle’s dynamics is given by . X

) . . closed system of equations we have to cut the hierarchy.
the following equations of motion:

Our closure approximationconsists of neglecting the

flz\,l’ (1339 three-particle terms in Eq14). This is similar in spirit to the
closure approximation used in the binary collision
v,=F, (13h  approact:? Both in the binary collision approach and in our

_ ~ theory the goal is to end up with a two-particle dynamics of
F=—02%F)-v,. (130 some kind. Ana priori assessment of our closure is difficult
1 p
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(as usually is the case in kinetic theopidsut the accuracy of 1ll. VACF: GENERAL CONSIDERATIONS
the approximations made can be estimated by comparing out
theoretical predictions with exact results.

After dropping H; we are left with a system of two

We use Eq(16) to calculate VACFC,(t). To this end
we solve Eq(16) with an appropriate initial condition,

clpsed equatlong. We then formally splve Etd) and s'ub- j(vy,Fit=0)=v, (17)
stitute the solution into Eq(10). In this way we obtain a
single closed equation for;: and then take the first velocity moment of the solution:
Mi_p 1jd28 i C(t)= = fdldee“’(lF i(ve,Fst 18
o OY1+f_,iq 12° 5F ol )_SkBT 1 (LF)vy-j(ve,Ft). (18
t - V(T Let us note here, that it follows from Eq&.6) and(18)
X f dTeL2“*f>f§@B12~M. (16)  that
0 JoF
Equation(16) is the main formal result of the present work. ~ C,(t=0)=—?, (19

As discussed above, according to Etg), in the zeroth
order (i.e., when the integral term at the right-hand-side of
Eqg. (16) is neglectey the tagged particle performs dan- 1 . n
harmonig oscillatory motion. The second term can be inter- w2:§TY<QZ>F:§f drg5{r)Vav(r). (20
preted as describing an escape of the tagged particle from
its original cage, made possible by the motion of the cage is the density, andy5? is the pair correlation function.
particles. Equation(19) is exact. Thus our theory reproduces the exact

It is worthwhile to contrast Eq(16) with an analogous short-time behavior of the VACF.
equation derived in the framework of the binary collision It should be noted here that the binary collision approach
approach(see, e.g., Eq2.2) of Ref. 9. There, in the zeroth results in the following approximate formula:
order the tagged particle moves freely, and an integral term
describes binary collisions of the tagged particle with other . , _ n e
particles of the fluid. Colt=0)[pe=~ wj' drgzXr)vV(n)-vv(r). (@

wherew? is the Einstein frequency:
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It can be shown that the exact formulB) can be ex- 1 . .
pressed in terms of the total force autocorrelation function, C ,(t=0)= w(Vl'Vﬁeq- (29

_ Thus, unlike the binary collision approach, our theory
Ge(t=0), (22 ) X S

3kgT predicts the second time derivative of the VACF exactly,
and, as Table | shows, gives the fourth time derivative with
the accuracy of about 20%.

C,(t=0)=—
whereas the approximate formual) is related toGg,

C,(t=0)|pe=— WGE(FO)- (23
) ) o IV. NONDISSIPATIVE DYNAMICS: CAGE
It follows from Fig. 2 and Table | that the binary collision osc|LLATIONS

expression(21) greatly overestimates the second derivative

of VACF at liquid densities. The goal of this paper is to describe the simplest dissi-
Furthermore, Eqs(16) and (18) lead to the following Pative process: self-diffusion. Before addressing our goal in
approximate relation: this section we discuss a nondissipative approximation to the
1 full evolution equation(16),
C ,(t=0)[n=3 (0% 0% Y1
3 — = Loy (26
+ 3kBTJ d1d2dFB;,- By f$0. (29 The motivation for doing this is as follows. In the INM

approach’ one is plagued with negative eigenvalues of the
Using exact equilibrium distributions obtained from MD instantaneous matrix of the second derivatives. These give
simulations(see Appendix Cwe have calculated values of rise to unstable harmonic modes that lead to qualitatively
the fourth derivative for a liquid with an~*? interaction for  incorrect answers for a variety of physically interesting ques-
the three states shown in Figs. 1 and 2. We have comparagbns. The most common approach to this problem is to ne-
our approximate results with the exact ones. The latter can bglect the unstable modes. Neglecting the unstable modes
obtained by evaluating the exact expression for the fourtlgives rather accurate results. The reasons for this fact are not

derivative through a MD simulation: fully understood.
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It turns out that our local matrix of second derivatives, EE. EE.
(32, also has negative eigenvalues, at least at low densities. Qf Zﬁﬂi(FH Sij— ﬁ) Q5(F). (29
Of course)? is positive definite on averades is the INM-
derived matrix of second derivatives F is the magnitude oF andQ?, andQ3 depend orF only.
_ 1 ior dega}ilscof MD simulations used to obtain these data, see
2y _ 2 endix C.
T >F_3kBT<F ¢=0 7 ppIt can be seen in Fig. 4 that at low densities and at large

. . : enough values of the total for(fe§ becomes negative.
but this does not guarantee that, say, VACF will not diverge The nondissipative evolution equatié26) with the ini-

aﬁe::a trelatlvlelytihort _tlmt(he. d diff bet tial condition(17) can be solved by the method of character-
ortunately, Ihnere 1S the second difterence between ol;o e resulting VACF has the following form:

nondissipative approximation and the INM approach: our in-
stantaneous matri? depends on the total force acting on 1

the tagged particlelr. This force is changing with time, see C()= 3kBTf dv1dFP (P om(va)va-va(—t), 30
Eqg. (130, and therefore the matri® 2 and the instantaneous _ S _
frequencies are changing as well. Thus it is possible that th@hereen, is the Maxwell velocity distribution and, (1) is
VACF is qualitatively (but not necessarily quantitativgly the initial v;, transformed backward in time, according to
reasonable even though at some value§ dhie matrix(32 ~ ES-(133-(130. The integration in Eq(30) is simplified by

has negative eigenvalues. the fact that form(29) of ()2 guarantees that the trajectory of
Figures 3 and 4 show the equilibrium distribution of the the tagged particle is confined to the plane defined bgnd
total force acting on the tagged partictis(F), F, and we are left with three integrals instead of &xer

magnitudes of/; andF, and the angle between thgém

Figure 5 shows the VACF obtained in the nondissipative
approximation. At all three state points the VACF is
bounded. The comparison with Fig. 1 indicates that, as could
and the two independent elements of the maitR Qf and have been expected, nondissipative VACF is quantitatively
3, are defined as incorrect. We would like to remark here that the VACF that

‘I’(F)=Jd1f§(’(r1,v1,F), (289
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follows from the nondissipative approximation to the binary
collision approach (i.e., from free motioh is time-
independent and equal to 1.

Using ansatz(31) we can relatively easily obtain a
closed system of equations féy, ,B, andC, :

C,=B,, (33
V. DIFFUSION

To calculateC, from the full evolution equatio16) we
use a moment expansion jothat is analogous to the Sonine
polynomial expansion used in kinetic thedisee, e.g., Ref.
9, Eq. (4.9]. The important difference from the kinetic-
theory-type expansion is that here the base functions depend
on bothv,; andF,

. t
B,= —wZCU—AU—f d7Zy(7)B,(t—7)
0

—fotdrzl(T)Av(t—T), (34
S20 T ) A,=yw?B —ftdrzz(T)B (t—T)—fthzs(T)A (t—7),
02(F)-Tw v * o v 0 v

ot (35)
(31

F
j(vl 1th) = Cv(t)vl+ Bv(t) _2+Av(t)
w

with the initial conditions
where

C,(t=0)=1; B,(t=0)=0; A,(t=0)=0. (36)

1 o -
y= —4<QZ:QZ>F—1. (32
3w At t=0 the above equations reproduce E@{®) and (24).
As explained in Appendix B this particular form of the mo- Thus the moment expansion preserves the short-time behav-

ment expansion is motivated by the short time behavior of°" ©f the VACF. _
the VACF. The collision kernel&,, Z,, Z,, andZ; are given by

The (time-dependentcoefficients in the above expan- the following formulas:
sion have the following interpretatiof., is the VACF,B,, is
the force-velocity correlation function, ay, is the correla- 1

. . < < . Zo(t)=
tion function betweenQ?(F)— | w?)-v; and velocity. 3kgTw

J d1d2dFB, e“2'f $%B,,,
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our case, these equations describe the motion of two particles

Z,(t)= —f d1d2dFB,, interacting via the potentiaV(r) in the presence of a con-
3keTyw stant external force acting on one of them. In explicit calcu-

lations we need the equilibrium distributidi$r,—r,,F)

that we obtain from the MD simulations. We would like to

emphasize that the theory uses as input @gyilibriumin-

- J)\ o
-eth( 5B E) (G2-vy),

1 formation about the liquid.

Zy(t)= " f d1d2dF( B, )(Q2 Vq) To evaluate, e.g.,Zy(t) we write it as Zg(t)
3kgTw? o [Byy(t) 581, Where Byy(t) denotesB,, transformed for-
Lelatf B, ward in time according to the two-particle equations of mo-

tion represented biz,. The remaining integral is evaluated
5 numerically at each subsequent time. To this end we use the
Zs(t)= —f d1d2dF( By, )(QZ Vi) VEGAS algorithm, which performs Monte Carlo integration
3keTyw based on importance samplifig.Figure 6 showsZ;,i
. =0,1,2,3 for three different state points.
th( f5$B1o )(QZ'Vl). The equations of motion foA,,B, and C, can be

solved by using a Fourier-Laplace transfornf(p)
To calculate the collision kernels one has to solve the_ L [2dtePt(t). The transform of the VACF is

two-particle equations of motion, representediby(8). In

-1
w2

—ip+Zo(p)+ (14 Z4(p)) (yo?— Zo(p))/(—ip+Z5(p))

Ev<p>=( (37)
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The VACF in the time domain is obtained by applying an or, after performing a Fourier-Laplace transform,
inverse transform to Eq37).
It is easy to obtain the Fourier-Laplace transform of the

memory functionZ(p), defined through the equation: év(p)=(2(p)—ip)’l. (39
Cv(t)=—J’tdr§(7)Cv(t—T), (38) Thus, given E_q.(37), the Fourier-Laplace transform of the
0 memory function reads

wZ

—ip+2Zo(p) +(1+2Z4(p)) (yw?—Zo(p)/(—ip+2Z5(p))

Up)= (40)

Finally, the self-diffusion coefficient is given by the fol- VI. COMPARISON WITH MD

lowing expression: Theoretical predictions are compared to the self-
diffusion coefficient and the VACF obtained from the same
MD simulations, a<f 5. In Fig. 7 we show the temperature
dependence of the self-diffusion coefficient at constant den-

D=kgTC,(0) sity and the density dependence at constant temperature. In
70(0) _ y—7,(0) w? both cases we get quantitative agreement between the theory
—kgT +(1+Z4(0)) —=—"]. (41) and simulations.

w? Z3(0) In our system the energy and length scales of the poten-
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tial are not independent: the potential depends only on &icular, the second time derivative ¢ft) att=0 is repro-
certain combination of ando (ea'?). Thus, the state of the duced quantitativelywithin 20%). Qualitatively, our theory
system is uniquely determined by the value of a single didoes not reproduce the long time features in the memory
mensionless parametéry;,=no3(4e/kgT)Y% All quanti-  function that are typically explained in terms of dynamic
ties can be scaled in such a way that they depend only on th&rrelations.

value of y;, and not on temperature or density separately.

For instance, the diffusion coefficient should be scaled by its

low-density value®

kBT) 1/2( kBT) 1/6 1

- BBl VII. CONCLUSIONS
Dig 0.234< - e 5 (42)

no

Figure 8 shows the diffusion coefficient, scaled by its low- We p.res.ent.ed here an alternat.we approalc.h -to self-
density valueD,4, as a function ofy;,. One can see that our diffusion in liquids. The theory requires onlgquilibrium
theoretical predictions are in good agreement with the yvphformation about the liquid. It uses the oscillatory motion of
results. a tagged particle in a cage, made by the first solvation shell,

Figure 9 presents a comparison between VACF obtaine@S the zeroth order approximation. The theory predicts the
in MD simulations, and the results of our calculations. OurSelf-diffusion coefficient, VACF and the memory function
theory, by construction, gives the correct short-time behaviolvhich quantitatively agree with the results of MD simula-
of the VACF. We are also able to reproduce all essentiafions in a broad range of temperatures and densities up to the

qualitative features of the VACF and to reach a good overalfreezing transition.
agreement with MD simulations. Our theory can be extended in several ways. First, we

Finally, in Fig. 10 we compare the memory functfon Wwould like to describe single-molecule processes of chemical
£(t) obtained from MD simulation&or a detailed procedure importance such as solvation and vibrational relaxation in
used to extract the memory function, see Appendjxa@d  nonpolar liquids. At present we are working on a modifica-
the predictions of our theory. Our approach, by constructiontion of the formalism that would allow us to calculate the
reproduces exactlj(t=0). We are also correctly describing dynamic friction on the intermolecular bofidSecond, we
the short-time dependence of the memory function. In parwould like to extend the present theory to “collective”
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transport phenomena in liquids and the calculation of all theise to the two first terms in Eq5), sincer;=v; and v,
transport coefficients. Finally, the present theory does noL F The last term is more complicate&: cannot be ex-
include dynamic correlations; we hope that by including
these correlations we can get a better agreement with simu
lations in the supercooled liquid regime.

pressed in terms of 1-particle quantitigsmilar tov, in the
standard BBGKY, and therefore involvek, (the last term in
Eq. (5)). Derivation of the second equation in the hierarchy

is done in a similar fashion.
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APPENDIX B

APPENDIX A To show whyA, andB,, appear in the moment expan-

To derive Eq.(5) one writes down an expression for the sion (31), we calculate the time derivative @, using Egs.
time derivative off, (18) and (16):

J
=J dU'8(ry3—Ry) 8(vi— V1) 8| F+ ==, V(Ry))
IR1j71
X Lapn(Tit), (A1) C,= BkBTf d1dFfSY LF)vy- Loj(ve,Fit)
where
N Jdldel"(l F)F-j(vq,F;t)=B, (B1)
: - " 3KgT
—2 (V- 9l v+ ;- dlar) (A2)

is the N-particle Liouville operatof® Then one integrates
this expression by parts and us&gunctions to perform the The integral term of Eq(16) does not contribute t&€, , and
integration. The derivatives of the first twfunctions give  we get Eq(33). Next we calculate the time derivative Bt :
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B Thus, ansatz31) allows us to describe the short-time behav-
1 9 [t - di(vy,F:7) ior of the VACF exactly. Note that we are using ansg?)
+ Ef d2B;, ﬁf dret2t"7f 5B, T for all times and this constitutes another approximation. It
fi 0 should be relatively straightforward to improve upon Eq.
1 (31) by adding additional terms. This is left for a future
=3k Tf d1dFf $Y1F)(Q2-vy)-j(vy,Fit) study.
B To get Egs(B1) and(B2) we performed integration by
_  emtinf .
N 1 f 1o P ftd T di(vy,F:7) parts and used the fact thaf? satisfies the equation:
feo 12 e | T€ 2 P12 JF v 'ﬁ] .iiq: i(f 32y ) (B4)
L Y oory av, oJF 1 1
- 2~ _ = e N2_ 1,2 . . o
=-C, 3kBT~[ d1dFf (LR ((Q° = Tw)-vy) following from Eq. (5) and the definition of)? (12).

H 1 J t I: (t—7)f €q
J(Vl,F,t)"‘ﬁ dzBlzﬁ OdTe 2 f2812
1

aj(VlIF;T)

1
=-w?C,—A,+ —| d2B,
f

(?j(vllF; T)

dF (B2)

P
: EfodreLz“*T’f 5B,

At short times, the contribution of the integral term is negli-
gible, and we are left with

APPENDIX C

All explicit calculations in this work are done using the
following model systemN= 1372 particles interacting via a
pairwise potential

V(r)=4e(alr)*2 (CY

This potential is a repulsive part of the well-known Lennard-
Jones potentiaV, 5(r)=4¢e((a/r)*—(o/r)®), which with
o=3.4 A ande/kg=120 K, along with molecular mass
=40 a.u., is known to successfully reproduce the properties
of liquid argon®* The natural time unit is then given by
=0Jm/e=2.16<10 *?s. All dimensional quantities in this
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