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Structure and dynamics of ring polymers
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We study the equilibrium structure and dynamics of unconcatenated unknotted polymer rings in the
melt. In accordance with earlier studies we find that rings in the melt are more compact than linear
chains. We show that rings interpenetrate less and, perhaps as a result, diffuse faster than linear
chains. Ring diffusion is faster for all ring sizes studied, the largest ring having numbers of
monomers approximately ten times greater than the entanglement crossover of linear chains.
© 1998 American Institute of Physids50021-960808)52112-5

I. INTRODUCTION unknotted polymer rings in the melt. The original motivation
for this work was the fact that polymer ringbaving no

The dynamics of polymer melts and concentrated soluehain endscannot reptate in the original sense of the repta-
tions is qualitatively different from that of simple liquid#A  tion theory. Slithering motions are possible only when rings
unique feature of polymeric liquids is the strong dependenceadopt special “nonramified® configurations. Since these
of transport coefficients on the degree of polymerization  are highly unlikely the diffusion of ring polymers in ring
For linear polymergthe most extensively studied architec- matrices was argued to be exponentially sidW The main
ture) one finds two regimes. For chains shorter than a crossresult of this study is that at least up to ring sizes about ten
over chain lengtiN, the self-diffusion coefficienD scales times larger than the entanglement crossover of linear chains
as D~N~1, whereas for longer chains the length depen-ing diffusion is faster than diffusion of linear chains.
dence is much stronger and the self-diffusion coefficient  The paper is organized as follows. In Sec. Il we present
scales a®~N~2. The transition between these two regimesthe model used in the computer simulation. In Secs. Ill and
is attributed to the onset of entanglement effects, looselyV we present results pertaining to the ring equilibrium struc-
interpreted as topological constraints on the motion of polyture and ring dynamics, respectively. We conclude in Sec. V
mer molecules that originate from chain uncrossability. with a brief discussion of the results.

A basis for the present understanding of the dynamics of
linear polymers has been laid down by de Gerfasd Doi
and Edwards.In their theory the topological restrictions ex- II. SIMULATION MODEL
perienced by a givefprobe chain are replaced by an aver-
age constraint, a tube. The probe chain is assumed to move We use a version of the bond fluctuation mddedro-
like a snake along the tubéhence the name reptation posed and investigated by ShaftérThe polymer beads
theory). This postulate leads tb~N~?2 scaling of the self- (monomers are placed on a simple cubic lattice. Only one
diffusion coefficient and to a number of other predictions,bead may occupy a given lattice site at any given time. Three
e.g., tracer diffusion, shear viscosity, etc. With some caveatdiond lengths are allowed: ¥2; andv3 (we measure all
most of these predictions agree with experimental data.  distances in units of the lattice constarBond crossing is

A number of other theoretical approaches to the dynamforbidden. The beads are moved on the lattice by attempting
ics of entangled linear polymers have been propdsttal- to displace a randomly selected monomer to one of its
though most of these competing approaches are based oearest-neighbor lattice sites. The move is accepted if it does
postulates that are very different from the tube assumptiomot violate excluded volume constraints, no-bond-crossing
at least some of them lead to results that are similar or eveconstraints, or allowed bond lengths, and rejected if it does.
identical to the results of the reptation theory. Hence, thes&Xn,, of these attempted moves constitute one Monte
approaches also agree with experimental data. Carlo time stegMCS) that is hereafter used as a time unit

It is, therefore, of great interest to study other polymer(N is the number of beads in a chain amg, is the number
architecture, such as stars or rings. For these nonlinear arctof polymers in the system
tectures, predictions of different theories are, typically, very A bead density of $=0.5 is used. A detailed
different. Thus such studies offer a chance to test the validitgnalysi¢®~8 of the equilibrium structure and dynamics of
of different theoretical approaches. Indeed, one of the stroninear chains has shown this density to correspond to melt
gest arguments for the reptation theory comes from the faalensity. In particular it has been found that¢at 0.5 (a) the
that it predicts the dramatic slowing of star polymer relax-excluded volume interaction is screengol; there is a tran-
ation relative to linear polymers,which seems to have been sition to entangled dynamics with the crossover chain length
seen experimentalfi? N¢~40; and(c) the Rouse mode relaxation times depend

In this article we present a computer simulation study ofon the mode index ag,~ p~3. All these findings are quali-
the equilibrium structure and dynamics of unconcatenatedatively consistent with molecular dynamics simulatidhs.
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TABLE I. Parameters and results of the simulation: degree of polymerizatipnumber of polymers in the
simulation box,n,q; length of the cubic simulation box,; equilibration time,7e,; simulation run time s, ;
radius of gyration(RS); ring diameter{R?2); self-diffusion constantD; orientational relaxation timere,. All
times are measured in Monte Carlo time st@d€S), and all distances are in units of the lattice constant.

N Npol L Teq Trun <RS> <Rg> D Tee

20 200 20 5x10* 5% 10* 4.1 12.8 5.x10* 1.0x 10°
100 40 20 x10° 1x10° 18.7 53.8 7.x10°° 3.4x 10"
300 45 30 x10 1x10 48.4 140.7 1.%310°° 3.6x10°
500 64 40 1.&10 6% 10 73.8 212.4 5.810°¢ 1.6x10°

The most difficult problem in polymer ring simulations through the relatiorR,~N" has a value smaller than the
(and experimeniss avoiding self-knots and concatenations. linear chain value of 1/2y=0.43. This agrees with the the-
To avoid them we generate the initial configurations by put-oretical prediction of Cates and Deutétland with the ring
ting the rings on the lattice as highly compact, thin loops thasimulation of Miiler, Wittmer, and Cate$:
are isolated from one another. To equilibrate these highly = Next, it can be seen from Fig. 2 that the “correlation
ordered initial configurations we run the simulation for morehole” for rings is deeper and wider than that for linear
than 20(smaller ring$ and about 1@500mer$ orientational  chains. Furthermore, for rings the nearest neighbor of a given
relaxation times before collecting the ddtete that this re- monomer belongs with greater probability to the same ring
quires some guessing as the relaxation time is estimated aftas that monomer, i.€giywa(1)>0inted{ 1) for rings, whereas
data analysis for linear chains the opposite is true.

Table | lists the main ring polymer simulation param- Finally, from a plot of the polymer center-of-mass pair—
eters and some of the results. For smaller rings we haveorrelation functiong.(r), we see that there is a smaller
performed six independent runs at each chain length. Fgorobability of finding neighboring rings separated by a dis-
500mers we have performed two runs. We have also petance comparable t&y than there is for linear chaingee
formed some simulations of linear polymer chains. The reFig. 3.
sults from these runs are compared to the ring simulation The main conclusion that we can draw from the investi-
results in the figures. Note however that most of the dataation of the equilibrium structure of rings in the melt is that
points for linear chains are taken from Shaffer's pap&fd. a given ring, because it is smaller and more compact than a

linear chain of the same number of segments, excludes
IIl. EQUILIBRIUM STRUCTURE monomers from other rings more effectively. In other words,
a ring has a harder “core” than a linear chain. As a result

To characterize the equilibrium structure of ring poly- there is less intermolecular penetration in the melt of rings
mers we present results for the following quantities: theinan in the melt of linear chains.

mean-square radius of gyratio("Rg); the intra- and inter-
chain monomer pair—correlation functiong;,5(r) and
Oinedr); and finally, the polymer center-of-mass pair—
correlation functiongqn(r). We monitored several time correlation functiofesg.,

For a given sizeN rings are smaller than linear chains the mean-square center of mass displacement and the “di-
(see Fig. 1L More precisely, the scaling exponemtlefined ameter vector” correlation functionHere we present only

IV. DYNAMICS
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FIG. 2. Monomer pair—correlation functiomg,,(r) andgiwe(r) vs sepa-
FIG. 1. Radius of gyratioR, vs polymer sizeN for ring and linear poly-  ration distance for ring and linear polymers. Solid lines: 300mer rings;
mers. Circles: rings; triangles: linear chains, this work; squares: linealashed lines: 300mer linear chains; dotted lines: 100mer linear chains. Note
chains, data from Refs. 16 and 17. The observed scalirRJJn'*sNO‘43 for that 300mer rings and 100mer linear chains have comparable radii of gyra-
rings andRy~N®* for linear chains. tion.
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1.2 | | chain that are separated by2 monomers. Next, the “diam-
L eter vector” correlation function is defined @R.(t)R¢(0)).
1.0 |- ., ,o0088 8 For long times this correlation functions decays exponen-
8 L g o B0 ] tially. We define the asymptotic decay time as the orienta-
= L o0 f 0 ° tional relaxation times.
~g 6,0 . o° — The orientational relaxation time data are presented in
a0’ 0. o® 50 Table 1. Again, there is no hint of any transition to a differ-
4 - f + T ent, slower dynamics. The power law fit &f=100 data
results in 7.¢.~N“" scaling of the orientational relaxation
N i | It -~ N24 scaling of th tational relaxat
T time, in reasonable agreement with scaling found bylléu
.0 l l I L et al. for smaller ringd(i.e., forN<N.). This should be con-
: : : : : . rasted wi “scaling expected for entangled dynamics o
0 2 4 6 8 10 trasted withN“ scal ted for entangled d f

linear chains.

FIG. 3. Center-of-mass pair—correlation functigg,(r) plotted vsr for
ring and linear polymers. Circles: 300mer rings; crosses: 100mer rings;
squares: 100mer linear chains. Note that 300mer rings and 100mer linedf. DISCUSSION
chains have comparable radii of gyration.
The main result of this paper is that faster diffusion of

rings (compared to linear chains of the same number of
data for the quantities that we have obtained from these cormonomery persists well beyond the entanglement crossover
relation functions: center-of-mass self-diffusion coefficientof linear chains: We do not see any hint of a transition to
and orientational relaxation time. slower diffusion for N=500 whereas the entanglement
We calculate the center-of-mass self-diffusion coeffi-crossover chain length for linear chainsNg~40.
cient from the long time asymptotics of the mean-square In our opinion faster diffusion of rings in the melt origi-
center-of-mass displacement. The results are presented ivates from the more compact conformations of rings com-
Fig. 4. The linear chain data show a transition betweerpared to those of linear chains. In particular we find that, due
Rouse-like scalindd~N~! and entangled scalin~N~2?  to the topological constraints of unknottedness and noncon-
with the crossover chain lengt,~40. The ring data do not catenation, a given ring polymer is smaller and denser and
show any transition. We see faster ring diffusion for all ring therefore excludes monomers from other chains more effec-
sizes investigated. For smaller ringise., for N<N_) this  tively. This results in smaller interpenetration between dif-
result agrees with the computer simulation of Iduet al.  ferent rings. We speculate that less intermolecular penetra-
The fact that faster ring diffusion continues for sizes as largdion leads to fewer entanglemenishatever their identity
as ten crossover chain lengths for linear chains is the maiand faster dynamics.
result of the present study. Finally, we note that the power It is of great interest to understand whether observed
law fit of N=100 data results iD~N~1%° scaling of the faster ring diffusion constitutes a transient, finkledepen-
ring center-of-mass self-diffusion coefficient. dence or whether it is a truly asymptotic, lafgaesult. This
We obtain the orientational relaxation time from the “di- question is of course difficult to answer on the basis of the
ameter vector” correlation function. The “diameter vector,” simulations alone. We may only note here that if there is a
Re(t), is a ring analog of the end-to-end vector used to detransition to a slowefentangledl dynamics then the cross-
fine the single chain relaxation time for linear chains. Weover size for the bond fluctuation model of rings studied in
defineR,(t) as a vector joining two monomers on the samethis work is at least ten times larger than that for linear
chains.
The final open question is the relation of the present
107t S - study to the experimental results. Invariably, experiments
find that the dynamics of rings in the melt is similar to that of
linear chains. For example, McKenea al 22 found that the
molecular weight dependence of the viscosity of ring melts
shows a similar transition to that of linear chains. Further-
more, they estimated that the crossover molecular weight of
rings is just slightly higher than that of linear chains. The
origin of this discrepancy between the simulations and ex-
periments is unclear. We hope that the present work will
stimulate more experimental studies of rings in the melt.
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